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Problems of the modes of loss of stability of a three-layer spherical shell, consisting of thin external layers and a transversely
soft filler of arbitrary thickness, which is under conditions of a uniform external pressure, are considered. The two-dimensional
equations of the Kirchhoff-Love theory of the moderate flexure of thin shells are used. These equations are set up for the external
layers, taking account of the interaction with the filler and, in the case of the filler, using the geometrically non-linear equations
of the theory of elasticity, which correspond to the introduction of the assumption that the stretching deformations are small
and the shear deformation are finites, which enables the purely shear modes of loss of stability in the filler to be described correctly.
An exact analytical solution is found for the problem of an initial centro-symmetric deformation of a shell, which depends linearly
on the external pressure. It is shown that the three-dimensional equations for the filler, which have been linearized in the
neighbourhood of this solution, can be integrated with respect to the radial coordinate, and reduce to two two-dimensional
differential equations, in addition to the six equations by which the neutral equilibrium of the external layers is described. It is
established that the system of eight differential equations of stability, constructed for a shell with isotropic layers, when new
unknowns in the form of scalar and vortex potentials are introduced, decomposes into two unconnected systems of equations.
The first of these systems has two forms of solutions by which the shear modes of loss of stability are described for the same
value of the critical load. A mixed flexural mode, the realization of which is possible for certain combinations of the governing
parameters of the shell for high values of the external pressure compared with the shear modes, is described by the second system.
© 2005 Elsevier Ltd. All rights reserved.

It was shown in [1] that, under the action of a uniform external pressure, the realization of a purely
shear mode of loss of stability is also possible in a three-layer ring for certain combinations of the
governing parameters in addition to a composite flexural mode [2]. The beginning of this process is
associated with a rotation of one of the supporting layers with respect to the other, solely because of
a transverse shear deformation which is constant in a peripheral direction. A more detailed study of
this problem, carried out in a geometrically non-linear formulation, showed [3] that, after crossing the
shear branching point, which is located in the initial linear section of the solution concerning axisymmetric
deformation, when the external pressure is increased furthers, the deformation of the ring, while
remaining axisymmetric, is accompanied by a further mutual convergence of the external layers because
of the increasing deformations of the transverse compression of the filler, with their simultaneous mutual
rotation. The final loss of stability of the ring by virtue of the characteristic of the stress—strain state in
the shear branch of the solution, which has been noted, can apparently only occur through a mixed
flexural-shear mode [4, 5].

The results in [6] have proved to be important for analysing the shear modes of three-layer structures.
According to these results, the stability equations, derived earlier ([7, 8], etc.) and used in [1-3], contain
only secondary parametric terms of the description and development of shear modes. The principal
reason for the realization of these modes when there are no subcritical transverse shear stresses lies in
the occurrence in it of subcritical compressive stresses in a transverse direction and, for the correct
description of these modes in the unperturbed state, it is necessary to assume that the transverse shears
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in the filler are finite. It is sufficient for this purpose to retain the non-linear terms in the tangential
components of the displacements in the expression for the transverse compression of the filler.

In this connection, the problems of the modes of loss of stability of a three-layer spherical shell under
a uniform external pressure studied in this paper are, unlike in the alternative approach [3], based on
the use of more accurate equations which, as regards their accuracy and content, fully correspond to
both the requirements mentioned above as well as to the requirements formulated earlier in [5].

1. GEOMETRICALLY NON-LINEAR EQUATIONS OF THE IMPROVE
THEORY OF SPHERICAL SHELLS WITH A TRANSVERSELY SOFT
FILLER OF ARBITRARY THICKNESS

Consider a closed three-layer spherical shell consisting of two load-bearing layers with thickness 27,
(k = 1 corresponds to the lower layer and k = 2 to the upper layer) and a transversely soft filler of
thickness 24. We relate the middle surface of the filler 6, which has a radius R, to a geographical system
of coordinates, that is, to the angles of latitude 6 (0 < 0 < 2r) and longitude ¢ (-x < @ < 7). Assuming
that the materials of the load-bearing layers and the filler are orthotropic and that the axes of
orthotropism coincide with the directions of the coordinate lines of the chosen system of coordinates,
we denote the elastic characteristics (the moduli of elasticity and Poisson’s ratios) by E(Ik), E(zk), G(lkz),
vgk), vg‘)and the moduli of elasticity in the direction of the normal to the surface o and the transverse
shear moduli of the filler by E3, G13, Ga3.

If the space of the filler is referred to a triorthogonal system of coordinates 8, ¢ and z, which is normally
associated with the surface o, and a dimensionless radial coordinate is introduced into the treatment
instead of the transverse coordinate z(-h < z < h), then the Lamé parameters at an arbitrary point of
the filler, which is spaced at a level z from o, will have the form H; = pR, H, = pRsin6. At the same
time, the following kinematic relations in the three-dimensional theory of elasticity can be written for
the filler

_pd Q) ow_ __9W Bi(‘_’)
2€q; = Rap(p *SWae' Zfe: = ;Rsin6ag T Rap\p

AR
@™ Rop pp2l\dp ap

which, while satisfying the requirements formulated earlier in [6] in relation to the possibility of a correct
description of the purely shear modes of loss of stability, are simplified to the greatest extent as regards
the retention of the minimum number of geometrically non-linear terms. The three-dimensional
equations for the equilibrium of a transversely soft [9] filler in projections onto undeformed axes

(1.1)

J d
a—p(PZGfe)‘*PUez =0, a—p(p26f¢)+p6¢z =0
(1.2)

26 y4 L [9(4 g _
G,,)+ Sine[ae(smecez)+ 30 } =0

2
op P
correspond to relations (1.1) which have been constructed, in which the components of the stresses

G0, Or¢» Obz» O, referred to the undeformed and deformed axes respectively, are connected by the
relations

W« _ v

G;k(-) = 0-Bz"'o-zzR'__'ap’ Gz(p - ctpz+°zzR_ap (1'3)

Moreover, the Hooke’s law relations

O, = 2G3€4, Oy = 2G5t o, = E¢, 14)

79’

hold for the stresses Gg, = G, Oy; = Oq, G, Within the limits of linearly-elastic deformations by virtue
of the well-known equalities [9] Ggg = Gy = Ggp = 0.
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We will describe the equilibrium of the external layers accompanying their moderate flexure by the
equations of the classical Kirchhoff-Love theory of shells which, taking into account the strong
interaction with the filler, can be represented in projections onto the undeformed axes in the form

w _ 9Too ® iy . T6q 5 :
= — @ R * =
o = S +180(To0 ~Too) * G550 * Rprp s * KPwOn O = 0
o1® oT® Q)
(k) _ Y69 (k) °0 ® *
fo = 59+ 2c1g6T gy + Sn89¢ + Rp gy sin® + Rp1)84)079 = 0 w5
sy’ as®
*) _ k) k) ] _ 0 * -
: = Too + Toq Rp)sin036 _ Rp,,sin? 0890 + RP 4By Oz + RPwyPriy = 0

k= 1,2, 8(1) = 1, 6(2) = -1

The transverse shear and normal stresses in the filler, acting on the external layers at the points of
the contact surfaces and which are defined in projections onto the undeformed axes and depend on 6,
0, P(k), are denoted by 6%, 63, 6%; Px) are the normal components of the external surface load.

The kinematic conditions for the joining of the external layers to the filler

k k 0 k
w = w(e, o, P(k)), u( )+t(k)8(k)0)§) = U(6, o, P(k))

(k)

. (1.6)
v

0 (k) .

have to be combined with the equilibrivm equations presented above. The notation

o _lw h
iy = g+ Puw = 1-8who ho = ¢

=

(k) )
wgk) _ow P k) _ ow o

29 e R sinBoQ

has been introduced into Egs (1.6).

For moderate flexure of a shell, the shearing forces in the load-bearing layers in relation (1.5) are
connected in the quadratic approximation, in terms of the internal shear forces Tg(?, Tq()'fp), T gfp) and the
moments Mgg), M® M gfp) by the relations

00’
IMeq Mo,
S = sinB—22 + cosB(Myy — M) + —22 4+ TSl sin®
a9 oo 00
(k) M (.7)
5 = sin@ a(;""+2cos(-)Mf)'ﬁ,;+ a(;""+Tqu),mfp)sin9
and the elasticity relations
(k) (k)2 (k) (k)2
B _ wfou® o Wk, 0 ® Dy )J
e = B [—ae +——2 +v, (w +__—sinea<p+Ctgeu + 5
(k) (k)
(k) _ p _du v (CIROING)
Too = B2 mgzg * 95 ~ 200" + o0y (18)
(k) (k)2 (k) (k)2
) _ [ o, 0V y , Dy (k)(au 0y )]
= _— + 2 4+ —_—t—
Ty = B, [w + sinea(p+ctg()u > tV2'l 5 >
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2 (k) (k) 2. (k) (k) (k)
Mﬁ,';) = —D(") E w2 ag +vi ___82w S+ ctgea;/e ——-—.a%a —ctgeu(k)
| 96 0 sin” 09¢ Sinbo@
~ a2 (k) 0] (k) *)
® _ k) Iw 3 ow _Ou dv (k)]
Mso = -Diy hzsineaeacp 2c1gh 09 sinBde 00 +agby (1.9)
[ a2 (k) (k) (k) (k) (k)
Mf:q), = —D(zk) ____82w + ctg(-)aw —————.av —ctg(-)u(k)+v(2k) a w2 _B_u
sin>09¢” d9  sin@do 20 RL)
hold within the limits of the elastic deformations.
Here
(k) 0 (k) 2
w _ _ 2E; Tty w _ B fw,
Bj" = ———w Di'= 3% j=12
Pw(1-Vvi'vy7) P’ (1.10)
(k) *) 2 )
BY - 214Gy p® = Bufw
Pk 3Rp

are the stiffness characteristics of the load- bearlng layers.
After introducing the dimensionless governing parameters W‘) = B(k)/B % and the differential operators

2 v (42
L(k) = a— + ctgeaa v(,k) - ——(17‘—)ctg29 + 0 5
06° 0 v in’09¢

0 v 9 MOSNO 0
L = [+ v 2 - (1 + 1) ergo |

V(l’f)sm(-)a(p
5 (1.11)
k) _ (k) (k) (k)
LY = —sinea(‘,[(v2 +y! ) S+ (147 )ctgﬁ]
2 2
*) | o J 2 d
Ly, = — + ctgO=— +1—ctg9J+ —
= =0 (ae 98 sin’09¢”

when (1.9) is used, the shearing forces (1.7) will be expressed in terms of the displacements u®, v®)
w® of points of the middle surfaces of load-bearing layers by the formulae

k) 2 (k)
s® = p¥sing { LPw®) + L) - Lo 'sz d 2)(8;19 )_
sin“8d¢

2 v( )
- _'—za(-)Tz[(V(k) + Zylk))( ctge) (k)ctg(-)} w® } + TNl sind
sinp B0 (1.12)

2
® _ p W 0y L By _ 9| G 5 () 0
Se = sm(-){L W+ Ly(v") sinea(p[( +27, )89 +

9 * ’ w® (k) (k)
+0iglas + 27, +——; +T, sin®

a6 sm2 Oa(p
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2. CENTRO-SYMMETRIC DEFORMATION OF A SHELL

If the external pressure p is uniformly distributed, the stress—strain state of the shell under investigation,
which depends linearly on the external load p, will be described, for centro-symmetric deformation,
when

0(k) 0(k) o _ x _ 0 _ * _ — Y
u = =0, Gze- ze—O’ Gz(p‘cup_o’ 0,; = 0;; = O

by the equilibrium equations

ZZ

dip(pzcgz) =0, f9=71e9+ To(k)—-ozsz(k)S(k)+P(k) =0, k=12 (2.1)

Here and henceforth, the parameters of this stress—strain state are labelled with additional zero
superscripts.
Combining the physical relations

k), O(k 0 dw®
798 = BP(1+ v, 10% = BEP(1+viHw'®, = Espas (2.2)

with Eqs (2.1), we successively find the integrals

0 90 R‘Io
G, = —» WO = Wy pE; (23)

where gg and wy are constants, which are determined from the contact condition
0(k
w' = Woipy), k=12
By satisfying these conditions we can determine the radial stress

o _ E3P(1)P(2)(w0(2) — w0y

c 2.4
= D Roh, (24)
Using relations (22) and (2.4), a s¥stem of algebralc equations follows from Eqs (2.1), which are
written in terms of the deflection w1 and w
00y w0 = 8, PP 0 5, =1, k=1,2
(T + X)W = XwyWw % "mam %21 =Y 0 =4 =1 (2.5)
Ky B;
where
(k) (k) (k)
%) 1+2v(k) _ Espiypay(1-vyvy)
W= (k) k0 = TINGA
Vi olEr W
The deflections of the load-bearing layers
oy _ __PRpay(k-1+X%)) 26
w - 2) ) (2.6)
By (L + %1y + X))

are determined from system (2.5), and the forces in these layers are found from relations (2.2).

It follows from expressions (2.2) and (2.6) that, in the general case, the forces T, (k) are different from
the forces T &(pk) for the orthotropic materials of the load-bearing layers. It can be shown that they are
equal to one another when the condition (1 + v(k))v(z) =1+ v(k))v(z) are satisfied. In the special
case when the materials of the load-bearing layers are isotropic, that is, when v(k) = v(") = v, E k) =
E; () = E®_ we have
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1
o Tou) PRpyx{1H(1 +v) 0@ _ 00 _ PRpoy(1 + X)) @)
21+ + x)(L+v?) 2(1+ 1y +x) '
where
(k)
« _ BpaPel-v7) . _ .,
Xiky = 0 (k) ’ -
When there is no filler (E3 = 0, x{1) = x{» = 0), the well-known results
2
o - Toa) =0, T = 19 = pRp,2
follow from Egs (2.7).
According to expression (2.6), for the radial stress (2.4), we have
PPX
0 X2
o, = @ (2.8)

(A +xay+ 7((2))!32

3. THE LINEARIZED STABILITY EQUATIONS

To determine the values of p, on reaching which branching of the solution of the composite system of
non-linear equilibrium equations is possible, we will linearize them in the neighbourhood of the solution
(2.2), (2.6), (2.8).

The linearized equzlzbnum equations for the filler and their reduction to two-dimensional equations. If

we assume that, prior to the loss of stability, the shell is stressed but not deformed, then, by virtue of
the relations U0 10 =0, Gez = O'?Pz = 0, the neutral equilibrium equations for the filler take the form

d
3 (p 0%) +pCy, = 0, a—p(p2c;"¢)+poq,z =0

3.1
B 0% e L[ %@}=
ap(p G,.)+ sine[ae(sm()c(,z)+ 59 0
Here, unlike relations (1.3).
= our ol 2L - G [B2(U)+ A 0 20
°ze = 60z+czzRap = Gl3|:Ra +pRae]+cz2Rap (
32)
* _ 0oV _ oW o} 8( )] 0o dV
Go: = Co:* Cupgs = G”[pRsmea(p Rap\p /]t ®=Rap
aw
O = ESRap (3-3)
and 62, is calculated using formula (2.8).
The functions
4 9 9(U 9 950V
= _2Bofr =2 _2BorY
Gze = p3 PRap(p)’ Gup p3 pRap(R) (34)
q S
o, = 3+L+q55 (3.5)

po PP
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in which g; = ¢,(0, @) are functions of integration and

2
0 PP2yX(2) a‘h + a‘12
= ctg®
% 1+ %0) *+ X2 9= 39 T8O T $inB9¢ (36)
U av )
§= _(6_0 togU+ sin6o@
are the integrals of Egs (3.1).
The radial displacement in the filler
R(43, q 0 Sdp
W= wo(6,0) - R (24 L-g)s), = 37
0 lp E3 p 2p2 3 I ( )

where wy is still an arbitrary function, is determined during the subsequent integration of Eq (3.3) and
(3.5).

By satisfying the kinematic contact conditions along the normal to the surface ¢ from (1.6) we can
determine the integration functions g5 and w, and, substituting them into expression (3.7), we obtain
the following formula for determining of the buckling in the filler

P(z)(z+ho)W(2)-P(1)(2‘ho)Wm_ qR(Z’ —ho)

V= 2h
oP 2E3p(l)p(2)p 69
p(l)(Z ho)J 1y = P2y(Z + ho)J 5y + 2hopd . z B
2hyE,p poz= g Jw = J6,0.04)

When Sp~> < R, the term containing the factor g3 can be neglected, with an accuracy O(h§), compared
with the first term. Then, for W, we will have the simplified formula

_Poy(z+ h)w® = p 1y E = ho)w _ qEG - h})

(3.9)
Zhop 2E3P(1)P(2)P2
and o,, will be calculated using the formula
@ _ M
E (w'-w") 1 1
0, = PWPe v L-——) (3.10)
2hp p- PP

In order to determine the tangential displacements in the filler, we make use of relations (1.4) and
(3.2), from which the differential equations

Gor D2 2(U) 4R Cugw

i3t p2 ap\p p4 p2 20 o1
s B3 2(y) ek _Cn ow

Bt p? P p*  pZsin@ 9¢

follow. Integration of these equations is difficult because of the existence of variable coefficients in front
of the derivatives with respect to the coordinate p. We shall therefore determine their solution in the
neighbourhood

_ PXy
R B RIS 729

IQ
wlu'o
1}
Q
=
i

=q (3.12)

=
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It can be represented in the form

U @R Gy3 9 ((Wdp

U_ yyo,q- 1K Oud((Wap)

i 0 sohp" OB I J (3.13)
v R Gy 3 ((Wdp '
P V0(69 (P)_ 37 % o ea J

p 3GYp” GnSInYoe

where G313 = G135 + 4, G533 = Gy; + 4. On introducing the expression for the radial displacement (3.9)
into equalities (3.3) and satisfying the kinetic matching conditions with respect to the tangential displace-
ments from (1.6), we arrive, after some reduction, at the two-dimensional differential equations

@ M
Wy O aw P
T — ael"'fl‘glé_g:o
P<2) P
@ " (3.14)
_ (l)_‘p— 0‘)‘9 + aWZ +f -8 aq =0
Ha = Pay Pay sinBd¢ 2 °’sinBd¢
in which
1 2 (1 2
eV paw? - e w®) L koG
' PP " Gh
3
q;Rf 2hoGyR .
fi= "G 8= 2O =2 £ = 2034 B/ Gipd)
i3 3E;G 13P(1)P(2)

Linearization of the stability equation for the load-bearing layers. Linearizing Eqs (1.5), (1.8) and (1.12)
in the neighbourhood of the solutions (2.6), (2.7), (2.9), we arrive at the neutral equilibrium equations
of the external layers which can be represented in terms of the displacements in the form

(k)
Vi
18 = L "")+L";)(u"‘))+[(1+v"‘))ae (1——(k)]ctg6:'w(k)—

2 (k) (k)
2|0 d b V1 ow
- C(k)[£ +ctgb=— - v, (k)ctg 9} 36

k
S —2 | (v + 29 2 _cgo v()cze
)sin 03(p2 T Ge ™~ “# (k) 8

0 (k
To() % RQT(P(k))S(k)

=0
(k) 2 plk)
Rp B, PwyBi

aw( )

(k) k), (k) (k). (k) (k)
f =Ly )+ Ly (v)+(1+v, )mGB(p

d V@ 0 () 9, 3 *)
[ (vy "+ 27, )—+27 +ctgfsz+ ————w +
®) smeatp[ 36" sin’60¢

O(k) (k)
.\ Too O (k) N Rq;‘gp(kzz)s(k) -0
RpyB,; PyB; (3.15)
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(k) (k) (k)
(k) ) V2 |ou (k) (k) (k), 0V (k) (k)
= |Vy = [ =+ (1+V; )ctgBu + (1 +V - + w—
f [ 2 v(lk)J ae ( 2 ) g ( 2 )SInea(p “’l

(k) 2 (k) 2
Y

_C(zk){_(zk)(_a +2ctge)a u_, 9 2[(v(2")+2y(2")
A1

*)
+ctg(-)]u +
06 20° sinzeatp

]
)36

9 ® oy 3 9 S )
+sin98(p[(v2 +2v, )aez_Ctg639+ —— [V ¢+

(k) 3 2 (k)
2 vz a a a *) 2 a aW
i [vi“[aes e ae) o8 s e'o g+ cue) P

l 0 ooty 0 d 0 2 d ()
+——|2(v2 ' +2v;") '—2‘°tgea_9 +(1+vy)(1+2ctg70) + ——— w4+
sin“00¢ 20 sin" 0d¢
¢y (2) (k)
E - G 10)
+3, 3PPy (W (k)w )__1 (k)[rggo( = +m§,")ctge)+
2hop1yB2 Rp)B,
(%)
(k) 9%y ]_qRH(k) =0 k=12
PP g 2 (k) ’ ’
sin8d¢ PruyBS

where

qu(e, P, Pwy) ng(Q, P, Piy)
R R

qi“(p(k)) =q;t s ‘I;‘(P(k)) =4+

02 0 2 (316)
Cley = s Hy,y = ), BoPinOun
Pl Pwy PP

Hence, the stability equations for the shell being considered consist of Eqs (3.14) and (3.15) in which
the two-dimensional functions u®, v, W®, g1 and g are unknowns and the functions U(6, @, p())
and V(8, ¢, py)) occurring in (3.16) are determined for the conditions for contact of the layers with
respect to the tangential displacements.

In the subsequent investigations, it is best to take the functions w(k), m(ek), mg‘), g1 and g, as unknowns,
by expressing the tangential displacements in the load-bearing layers in terms of the unknowns which
have been introduced according to the relations

(k) (k)
k) _ Ow k) () _ Ow o, L _
i = o), W = Sl k= 1,2 (3.17)

Using relations (3.17), Eqs (3.15) can be represented with an accuracy O(C?k)) in the form
(k) 2
® _ |9 (y? Y ly2 9 )
fo = [ae(V +2)+ [1 v(zk)](v . + IJ

—(1-v®- 2‘Y§k))——a2 (-é- + ctge)]w(k)-
sinzea(p2 26
ok) (k
Too ©y Rqy (Py)) Sk _

(k) 2 p(k)
RpB; PwBi

k k) k) (k)
- L0 - L (@) + 0
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t _ 0 242 (1-vP _oy® k) _
fo = sineaq)[v +2-(1-v, — )[ ):'w

0k (k) #
T,, ® R 8
Wy _ 0,0y Top Do 92 (PO

22 ("% (k) 2 k)
Rp B> PkyB2

(k) 2 (k) (k)
v 0 k) 30)
(k) = (1 +v(k))l:V +2- ( ﬁ}(g‘e—z+ l]j'w( +[l - (k)J 30 (3.18)
1

am(k) am(k) ( ) a az
- ® by b4 2 -2 2ctgb—;
(1+v; )( 38 +ctg6w9 nea<p)+c<k> (k) Pye — +2ctg Yo

(k)

D0y =0

3 [ W), B o +
+———( (v, +2Y;, )=5 +ctg9]
sinzea(p 06
9y ® 4 pyy 9~ d i *®
C(")smeacp[( + 27y, ) ctgeae o Ga(p AL
EspyP (¥ ‘W(Z)
+ 84
2h0P(k)B
o
1 [T"""(a +Ctgem(k)) +7°W da’ } aRHy) _
o9 2 ok
Rp(k)B(k) 26 smea(p P(k)B(z)
in which
2 2
vi= 29 +ctgeaae a—
26’ sin 98(p
0
g3row® k
ar(Puy) = a1+ f[gj—e -(1 —t?k)s(k))m(e ):l (3.19)

N a5 ow' 0 )
92 (Pwy) = 42+ f[m'(l =10 w) 0, }

and, in relations (3.19), the terms proportional to g3 can be neglected with an accuracy of 1 +
U(8, ¢, pry)/R = 1, as can be shown using formulae (2.8) and (2.9).

Investigation of the composite homogeneous system of differential equations (3.14), (3. 18) shows
that separation of the variables with respect to the angle 6 and ¢ does not occur in them. Such a
separation of variables is only possible for a shell with isotropic load-bearing layers an isotropic filler.

4. MODES OF LOSS OF STABILITY AND CRITICAL LOADS FOR
AN ISOTROPIC THREE-LAYER SPHERICAL SHELL

If the shell is isotropic, that is, the equalities
EP = EP = BV, v =vP = vOBP =8P = BY), 6, = 6, =G, (4.1)

hold, then, on introducing dimensionless parameters, the required functions and the external load
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2
3GF p(l)p(z) _ GYhy 0 = E3p1yP(2) 3, = fRq,
= k - 2.’ k) = k)’ Tk
2h0p(k)(3 + ho)B( ’ Esp1yP2)(3 + hy) 2hop 1) B G; “2)
Py (1 +v?) . p(1+%%) «_ hoGs '

Pay = @ 0T TGx

» P2 =
201+ %%, +x5)(1 +v?)B? 201+ x5, + x5 B

where G3 = G; + g, the stab111ty equations (3.14) and (3.18), neglecting the terms in relations (3.19)
which are proportional to g3, take the form

k ~ ~
o < [(V2+2) B1- LV (@) - L (0P) = @ + K yBgydy = 0
z (k) (k) ~ -
O = [(VZ +2)w®) - Lo (0f) - Lo (03) - 50l + K 1yBydz = O

smeacp
(k)

*)
@ _ NP ) 90 0 00, J
f, = +v )[(V +2)w o~ ctghm, 099 +

2 2,0 o® o®
+C(k){[(ae+ctg6)\7 - ctg 689:1 +sn98(p(v 20tg6)ae }+

- a(x)(k) am(k)
+ 800w - W) + P(k)( 55 * ctgfal + .__..;'P_)_

sin09¢
- 4.3)
99, 99,
_K(k)H(k)( 20 + Ctgeql lnea(p) =
(2) (1)
® d
By = — -4 Do, ae[P(z)w(l)—p(l)w(z)—h(’,"(w(l)+w‘2))]+

Py Pay PP

- d (99 99, \ _
t4i- ae(ae *+aictgh+ neacp) =

u =mfp2)—0)£pl)+______a_[p w(l)_p w(2)_h*(w(1)+w(2))]+
2 Pay Pay PyP(2sindoe @ m 0
s K e 36 g0+ ) =

Here, the notation for the operators

N ® 2
L(ll;) _ Vz—v(k)—ctgzﬂ— 1+v 28 _
2 sin 6d¢

o9 (1+vPa 3-v® = (k)
Le = sinea(p( 2 06 2 C‘ge) = L
. N0 ® 52
Wolov 9 o (V41— ctg’0) + LY >

2  sinBd¢ 2 in 03¢

has been introduced. These operators are obtained from the operators (1.11) when conditions (4.1)

are satisfied.
Instead of the required functions m(k) (o(k), gy (k = 1, 2), we introduce the new required unknowns

F® o® 0 ¥ in accordance with the representatxons
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o® = ap""+ ao® o = aF® _B(D(k)
8 00 sinBde’ " * ~ sinBdQ 96
- _90, d¥ . _ 939 _o¥
T = 30 *sin6oe’ 92 T Sineae 36

(4.4)

After substituting expressions (4.4) into relations (4.3) and some reduction with an accuracy O(C%k)),
we arrive at the equations

y _ 0 K 9 k) _ W _ 0 b 0 (b _
o = 397 +sin68(pv =0 fo = sin98(pU 36" 0

2 -
C
g") = (V2 + 2w (Vz - —(")(k)VZVZ]F(") + ———p(")(k)VzF"" +

1+v 1+v
5 - , 4.5
+<P(k) E:;(w(l)—w(z))— (k) ((kk))V Q=0
1+v l1+v
oM dN oM dN
= e _— = = —— . = O
M= 36 ¥ simeop - O M = Snbae 00
in which
U9 = (V42w - (V1 v PP _p FO 4 K 084,0
w _ 1=vP *) | =~ &k
v = 5 (V'+2)@™" + p,, @ -—K(k)S(k)‘P
*y (1) x4,
m= FOFD Ryl —Gn oW gty (46)
P2y Py PPz
@ g
= d>——¢—+‘l‘
Py P

If follows from Egs (4.5) that the initial system of interconnected differential equations of stability
(4.3) in the new unknowns decomposes into two independent systems of equations. Since, for all
unknown functions in the case of a closed spherical shell, conditions for their periodicity with respect
to the angular coordinate 6 and ¢ are formulated instead of boundary conditions, those modes of loss
of stability which are realized in a shell without the appearance of deflections of the load-bearing layers
in the perturbed state are described by one of these systems of equations, which has the form

v =0, k=1,2, N=0 (4.7)

This follows from an analysis of the expressions for /¥ and N from relations (4.6). The modes of loss
of stability, which are accompanied by deflections of the load-bearing layers in the perturbed state are
described by the other system of equations

v =0, fP=0 k=12 M=0 (4.8)

which contains the deflections w*) and the scalar potential function F®_ Q. In the light of the results
previously obtained in [1, 3], the modes of loss of stability described by Eqs (4.7) should be regarded
as pure shear modes and the modes which are established by the solution of Eqs (4.8) should be regarded
as mixed flexural modes.

Since the boundary conditions in spherical shell are replaced by conditions of periodicity of the
functions w®, F®, ®, 0 ¥ with respect to the angular coordinates 6 and ¢, the following combinations
are solutions of Eqs (4.7) and (4.8)
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F = P7(cos8)(F,, cosm@ + Fypsinme) (4.9)

where the function F is understood to be one of those shown above; F,,, and F,, are constants of
integration, P (cos0) are associated Legendre polynomials of degree n, and m is the number of nodal
meridians.

Here, the function F satisfies Legendre’s equation

de sm2 0

2 2
dF =+ L [xz ”‘—]F =0, A =n(n+l) (4.10)
do’

In accordance with properties (4.9) and (4.10), we can change from differential equations (4.7) and
(4 8), to algebraic equations which have the same form both with respect to F,,, and with respect to
F - To do this, it is sufficient to carry out a formal transformation from w®, Fo o) Q, V¥ to their
amplitude values w,(,lj,),, Ff,’ﬁ,),, f,’ﬁ,),, s Prum OT w,(,’j,),, F f,’f,),, d>,(,’§,),, Orms Vo by replacing the operator V2 by
the numerical value —A2.

Shear modes of loss of stability. According to what has been discussed above for the investigation of

shear modes of loss of stability, we have Eqgs (4.7) which, when account is taken of expressions (4.6),
can be represented in the algebraic form

=

(I)(Z) (D(l)
P2 P(l)

IPsY =0

nm

Note that analogous equations are also obtained in the amplitude values ol p
From the condition for the solutions of these system to be non-trivial, we arrive at an equation for
determining the critical external pressure p

. - - K (

P(I)P(2)+P(l)[ (2 A - (2)] P(z)[ (2-A)- (”jl
@ Pay

(@.11)

1)
1 -vD)(1 -v?) 2.2 [(1 —V )Km (1-v )K(z):| 2
+ (2-23 - (2-2) =0
4 2pq) 2p(z)

An investigation of Eq. (4.11) together with (4.2) shows that the values of p are obtained as negative
quantities when n = 0 (A, = 0) and are increasing positive quantities as the order of the associated
functions P;'(cos0) increases. The pressure p attains its smallest value, denoted by p°, whenn = 1 and
its magnitude is found from the relation

(4.12)

(2)
o = 281 +X0)+ x(z))[K(l) A+x5) +v )K(z)}

(1+X(l)) Py X(l)(l"'v ) P
At the same time, loss of stability is possible when m = 0 (P}(cos®) = cos®) or when m = 1
(Pi(cosB) = —sin®).
In the first case, in accordance with representations (4.4) and (4.9), we have

P (cos0)®) = @) cosB, PT(cos®)¥,, = ¥ cos0 (4.13)

since there are no amplitude quantities @ 0) and W;, when m = 0. In this case, the complete system of
differential equations (4.5) will be satisfied when

©=0, F¥=0, 0=0 (4.14)
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Hence, here 1n the )perturbed state, on the basis of relations (3.17), (4.4), (4.13) and (4.14), the
dlsplacements w and v® and the functions g, and g, will have the form

w® =0 u* =0 g =0 vY=dsing, § = ¥,sin6 (4.15)

The mode of loss of stability has been investigated in detail in [3] for a shell with a thin filler. However,
according to the recent results in [6], the value of critical load obtained needs to be improved. This
mode of loss of stability occurs by mutual rotation of one of the load-bearing layers with respect to the
other, with the axis of rotation passing through the centre of the sphere. As the shell transfers from
the unperturbed state (that is, from the solution (2.6), (2.8), (2.9)) into the perturbed state (that is,
into the solution (4.15)), this rotation occurs at the initial stage (that is, on infinitesimal initial section
of the new trajectory) without deformations and bending of the load-bearing layers.

In addition to the mode of loss of stability (4.13), (4.15), another mode (the case whenm = 1) exists,
which is described by the functions

o® = (d>(k)cos(p+(i>(1’;)sin(p)sin0, ¥ = —(‘P,lcos¢+‘i’11sin(p)sin9 (4.16)
In this case, instead of (4.15), we will have
wh =0, «* = —Qﬁﬁ)sin(pﬂ'l')(l'{)cosw
v = (Q(k)coscp + &)(1’? sin@)cos 0 (4.17)
g, = - ¥, ;sing+¥cosQ, g, = (¥ cos®+ ¥ sing)cosd
and, as previously, the value of the critical load is found from Eq. (4.12) using formula (4.2) for K;,
which are independent of the initial compression of the filler 4.
In the case of a shell of symmetrical structure with a thin-walled filler
Py=Pa=1, vi'=v®=v, EV = E? =, t?l) = ’?2) =15)
and the formula

¢ _ G3(1+2y) _E3(1-v)
P = x{1 +ho(1 +x)/[4(1 +20)%x1Y X = 8hotoE

(4.18)

follows from relation (4.12). By virtue of the fact that the non-linear terms are retained in relations
(1.1), this formula fundamentally improves the analogous formula obtained in [3], which only uses the
linear equations of the theory of elasticity for the filler [8, 9].

Mixed flexural mode of loss of stability. Flexural modes of loss of stability are described by the system
of equations (4.8) which, according to relations (4.9) and (4.10), take the form

2.k 2 0 - k
(2~ A'n)wfm)t +(A, -1+ v P(k))Ffmi + K104y Qnm = 0

CAAZ - p 8
(2- A )W(k)+7» 1+ )M~ Py F(k)+(p(k) (k) W(l) W(2)
1+v(k) " 1+v(k)
K H (4.19)
020, = 0; k=12
1 +V

(2 (1) (2) 2) (1)
p(Z)an—p(l)W ) hg(an+Wn ) Irftm an XZ _
-—+(1+KA)Q,,, =

PmyP2) P(z) Py

An analogous system of algebraic equations is also obtained for the amplitudes W,‘,’ﬁ,)“ F f,’f,), and Q,.,,.



642 V. Ye. Vyalkov ef al.

Eliminating the amplitudes we (k = 1, 2) and Q,y, from system (4.19), we arrive at the following
algebraic equations

1 j Q4 1 1 ()5 2
(A" =l Py F - (B — b Py Fo = 0

- - (4.20)
(B, + b, Pa)Fon+ (A, - a,"Pa)Fy = 0
where
0 k)2, 2.4 v (k)
A, -2
(3-k)
k 1+v k
Bf. ) = ‘P(k)(l + —‘5—'] + KE. )f(3—k)
A, -2
a® =a-1-v®4 ——‘f("’ - KPSy + ho- k)
-
b = 20 _ kO~ hy +hY)
AL -
n
Fay = A+ + (hg- )1 +v©) - RF AL -2)
2 K 2
K® = K(k)H(k))‘n - K+ v ))s(k) + Q) (Kqy + K(2))8(k)/(xn -2)
2 2
PPy An~2)(1 + KA) + K1) (P 2y~ 1) + Ky (P (1) — F3)
Introducing the dimensionless load parameter
_ 2
g = p(1+x5)201 + %) +x5)B™) 4.21)

in accordance with which
~ _ 2 ~ -
Py = x50V +xE)A+VD)]L b, = 7

we obtain, from system (4.20), a quadratic equation in g. Its solution can be represented in the form

Gy, = At JAL-B, (4.22)
where
1 (1+x8) (1 +v?) 2
A = |:afnl)Af.2)_b£:2)Bil)+ i) i @®a® _pVp?)
2(aMa? - by 151 +v?)
2 1 2 1 2
5 U )1 +vP)(Aaa? - BVBY)

n 1) (1) (2) 1),(2)
x5 +v)(a, a,” - b0b,7)

We will denote the minimum positive value of the roots of (4.22) by g.. It is found from the solution
of the problem of minimizing the functional

9y = min(,,7,) (4.23)



A three-layer spherical shell under a uniform external pressure 643

If n.. is the value of # for which a minimum of the load parameter g, is obtained then the modes of
loss of stability will be described by an associated Legendre function of degree n.(P;,(cos0)) with a
number of nodal meridians m which varies in the range 0 < m < n,.

In this case, the mode of loss of stability will be described by the functions

w® = Pf'(cos(-))(Wf,k-)cosﬁz(p + ﬁ’f,’f;isinrh(p)

u® = —‘%[Pi'(cose)](Ff,’:;),cosﬁ(p + f’f.’:;),simh(p)
7 P™(cos®
o - BECD)

.- ~(k -
Sin® msmm(p—Ff,,;),cosm(p)

q, = —die[P,,';'(cos())](Qm;,cosrh(p+ Q,,,;,sinih(p)

th;;'(cosG) .o~ = ~
q, = Tne—(Qm;,smm(p—Q,,,;,cosm(p)

where 0 < 1 < n,.

5. NUMERICAL RESULTS AND THEIR ANALYSIS

The critical loads and the modes of loss of stability corresponding to them were investigated for shells of symmetrical
structure, when

Wy, EPoE & =g

and, consequently,
2

2

Eyp P (1-V) Eyp,P(1 - V) 7
* _ Espypiay - o = B3PuyP2) _to
X B 8hotoE ' Pw = @ 4hotoE ' ka) 3 (2k)

#

2 2 2
Ko = 36T PP - V).
k) = ’
dhote(3 + h3)Ep

k=12

The numerical results were obtained by varying the parameters #y, |, 8§ = G3/Es, r = hy/ty within the following
limits

0.01<1,<0.0001, 0.1<y<5, 1/26<6<00126, 2<r<10 6.1

Some of these results for v = 0.3 and ¢, = 0.01 are shown in Table 1 when ¢ = 1, and in Table 2, in which the
following notation is introduced: m = piy/p., My = Pilp., P is the critical pressure in the case of a flexural mode
found from the solution of problem (4.23) when g3 # 0 (the improved solution constructed in this paper) and p,
is the critical pressure for a single-layer spherical shell which, in the notation adopted in this paper, is calculated
vsing the formula

8Et(2, 4toB(2) 1-v2
Py = =
Py 3(1- vy Po :

An analysis of the results obtained shows that the tendency for loss of stability by a shear mode becomes stronger
earlier than for loss of stability by a flexural mode, in particular, when the transverse shear modulus of the filler
is reduce compared with the modulus E; (that is, the anisotropy coefficient 8 = G4/(2.6E5) is reduced; 8 = 1/2.6
corresponds to an isotropic filler) and, also, when A is increased and  is reduced. Since the value of pg, is directly
proportional to the parameter 3, m; becomes smaller than m% only for small values of 8 while the value of m% is
practically independent of 8. As can be seen from Table 2, p; < p; everywhere in the case of a shell with an isotropic
filler. The difference between the values of the critical loads for a spherical three-layer shell and a single-layer
shell (that is, an isolated external load-bearing layer) is not so significant (Table 2) as, for example, in the case of
three-layer plates. As would be expected, this difference becomes larger when ¢, is reduced and the parameters
and r are increased.
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Table 1
8§=1/2.6 0.12.6 0.01/2.6
r
u u
my my m,
2 2.05 1.98 1.95
4 2.31 2.03 2.00
6 2.71 2.10 2.04
8 3.26 2.19 2.08
10 3.98 2.29 2.12
Table 2
5=1/26 0.12.6 0.01/2.6
X r
m: mi m',: mf-
0.2 2 1.42 2.599 142 1.42
10 1.64 14.006 1.45 1.43
0.4 2 1.70 3.347 1.68 1.68
10 2.23 18.231 1.73 1.73
0.6 2 1.87 4.096 1.84 1.84
10 2.81 22.450 1.93 1.93
0.8 2 1.98 4.844 1.93 1.92
10 3.38 26.666 2.18 2.05
1 2 2.05 5.592 1.98 1.97
10 3.92 30.879 2.29 2.12
5 2 2.47 20.558 2.10 2.06
10 12.11 115.070 3.26 2.34

Calculations were also carried out to determine the critical pressure in the case of a flexural mode of loss of
stability using formula (4.23) when g3 = 0 (the solution which corresponds to the formulation described in [3]).
Comparison with the values of m’, showed that the improved versions of the theory of three-layer shells constructed
earlier in [7, 8], under the assumption that the transverse shear deformations are small when linear kinematic
relations are used to determine the transverse compression deformation of the filler, on the basis of which the
investigation of flexural modes of loss of stability was carried out in [2, 3], are extremely accurate in describing
these modes of loss of stability. Consequently, the use of non-linear kinematic relations, in the case of the filler,
to determine the deformation €, in the unperturbed state is only necessary for a correct description of the shear
modes of loss of stability for three-layer structures.

Attention is drawn to the fact that, in the case of a small value of the transverse compression parameter y, the
value of m’, is even less than two (that is, only the upper load-bearing layer, which is strengthened by the filler,
loses stability in a mixed flexural mode).

The effect of having three-layers (that is, m > 2) in the case of a shell is only attained for certain combinations
of the parameters 7 and , and becomes more pronounced as these parameters increase. It is manifests itself to
the greatest extent in the case of shells with an isotropic filler (& = 1/2.6).

The research was supported financially by the Russian Foundation for Basic Research (03-01-00535a).
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